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We predict pseudo topological insulators that have been previously overlooked. We determine
some conditions under which robust pseudo topological edge states appear and illustrate our idea
on the Su-Schrieffer-Heeger (SSH) model with extra chiral symmetry breaking potentials. We discuss
that pseudo topological insulating phase transition occurs without band gap closing.
I. INTRODUCTION
In 1980, the quantum Hall effect in two-dimensional
(2D) electron gas at the interface of a semiconductor het-
erojunction under a strong external magnetic field was
observed [1]. In two years, Thouless, Kohmoto, Nightin-
gale and Nijs (TKNN) showed that quantum Hall effect
is not only quantum mechanical effect but also a topo-
logical effect and hence proposed the concept of topo-
logical phases of condensed matter [2]. A topologically
insulating system is insulating in bulk but has gapless
edge states that are immune to local perturbations such
as defects and thermal fluctuations. Soon after, Haldane
proposed a model to realize topologically nontrivial sys-
tem without strong magnetic field, which is necessary
in the quantum Hall effect to break time-reversal sym-
metry [3]. Several years later, Kane and Mele made a
breakthrough in the study of topological insulators [4, 5].
They proposed the idea of quantum spin Hall insulator
by generalizing the Haldane model. Their model is in
fact a graphene model with spin-orbit coupling. As in
the quantum Hall effect, symmetry-protected topologi-
cal edge states appear in the bulk energy gap, but they
come in pairs due to time-reversal symmetry and propa-
gate in opposite directions. These edge stares are called
helical because of the electron spin-momentum locking.
Kane and Mele found a new topological number, so called
Z2 number, which is a big finding in the theory of topo-
logical insulators. Unfortunately, the spin-orbit coupling
in graphene is very weak, and hence this effect cannot be
experimentally observed in graphene. Bernevig, Hughes,
and Zhang made another breakthrough in 2006 and pre-
dicted that CdTe/HgTe/CdTe quantum well can be a 2D
topological insulator [6]. This prediction was verified in
2007 [7]. Since then, the idea of topological phases have
attracted great attention and tremendous progress has
been made so far.
Three discrete symmetries, time-reversal, particle-hole
and chiral symmetries, play vital roles in the classifica-
tions of topological insulators. Famous ”ten-fold way”
accounts for topological classification for a given trans-
lationally invariant Hamiltonian [8–10]. It was realized
that a new class of topological insulators unexplored be-
fore arise in systems with point group symmetries, such
as reflection and rotation [11]. These are called topo-
logical crystalline insulators protected by crystal sym-
metries. It is well known that (d − 1)D dimensional
gapless boundary states appear in a dD topological in-
sulators. Recently, the concept of higher-order topolog-
ical insulator was introduced [12, 13]. Generally speak-
ing, nth-order topological insulators (d − n)D gapless
boundary states. In recent years, non-Hermitian exten-
sion of topological insulators and superconductors have
attracted great attention especially in photonics commu-
nity [14–19]. In the experiment [15], stable states that are
localized at the interface between two topologically dis-
tinct non-Hermitian parity-time symmetric one dimen-
sional photonic lattices with staggered hopping ampli-
tudes were observed through fluorescence microscopy. In
the last decade, great progress has been made in our un-
derstanding of the theory of topological insulators. We
refer the reader for details to some excellent review pa-
pers on this subject [20–23].
In this Letter, we propose a new idea so called pseudo
topological insulating phase, which is not compatible
with standard classification of topological insulating
phase. We show that robust edge states appear in pseudo
topological insulators and these states are protected by
some symmetries that the system has not. We give some
examples to illustrate our idea. Our finding can be easily
tested in experiments with current technology.
II. FORMALISM
Consider a general non-interacting first quantized 1D
Hamiltonian H0 described by (N × N) matrix. Assume
that this Hamiltonian describes topologically nontrivial
lattice with open edges (or at the interface with topo-
logically trivial system). Symmetry protected topologi-
cal states appear at the edges of the system. Consider
an additional potential V that anticommutes with this
Hamiltonian. In fact, this anticommutation condition is
exactly the chiral symmetry condition for H0. We now
construct a new Hamiltonian
H = H0 + λ V , {V ,H0} = 0 (1)
where λ is a constant. Our aim is to study whether topo-
logical edge states of H0 survive even in the presence of
the additional potential. It is clear that H has no longer
chiral symmetry and hence one expects that chiral sym-
metry protected topological edge states disappear. If, for
2example, the Hamiltonian H0 is in class AIII, then the
new Hamiltonian H is now in class A. Note that our
system is not restricted to the standart periodic table
of topological insulators. Below, we will show that bulk
states change with V while the form of the topological
zero energy edge states are preserved even in the pres-
ence of V . Before going further, we emphasize that there
is only one zero energy edge states if N is an odd number
while there are two degenerate zero energy edge states if
N is even. All other states come in pairs with ∓E.
Consider the eigenvalue equation H0ΨE = E ΨE , where
ΨE are the eigenstates of H0 with energy E.
Then the anticommutation condition (1) implies that
VH0ΨE = −H0VΨE = E VΨE . Assume that ΨE sat-
isfies the equation, VΨE = νΨE , where ν = ∓1, then
H0ΨE = −E ΨE . Therefore, this assumption is true
only if E = 0 and there is no degeneracy at zero en-
ergy eigenvalue, which occurs if N is an odd number.
(We will study what happens if the zero energy eigen-
states are degenerate later.) So, the following equation
is satisfied
V Ψ0 = ν Ψ0 (2)
where ν is either 1 or −1 depending on the specific ex-
ample and Ψ0 is the zero energy eigenstate of H0, which
is in fact the topological zero energy state.
As a result, we can say that Ψ0 is a simultaneous eigen-
state of both H0 and H = H0 + λV with eigenvalues 0
and νλ, respectively. In other words, the form of nonde-
generate zero energy edge state has nothing to do with
the extra potential V . All other eigenstates of both
Hamiltonians are not simultaneous eigenstates. This is
interesting since Ψ0 is well known topological zero energy
edge state, while all other eigenstates of H0 are topolog-
ically trivial bulk states. Now two questions arise. i-) Is
Ψ0 an eigenstate of V? ii-) Is the simultaneous eigenstate
Ψ0, which is topological for H0, topological for H, too?
Below, we answer these questions.
Let us start with the first question. The zero energy
eigenstate of H0 is not an eigenstate of V but a linear
combination of degenerate eigenstates of V . Let φn be
eigenstates of V . The eigenstates are composed of two
sets of degenerate eigenstates, {φν=1n } and {φν=−1n } with
eigenvalues ν = 1 and ν = −1, respectively. If N is an
odd number, then these two set have not equal number
of elements. One can construct the state Ψ0 as a linear
combination of one set of the degenerate eigenstates in
such a way that the Equ. (2) is satisfied.
Let us now answer the second question. The simulta-
neous topological zero energy edge state is protected by
the chiral symmetry of H0 and the chiral symmetry is
broken in H. It is well known that the zero energy eigen-
value of H0 resists against chiral symmetry protecting
disorder. Does the eigenvalue νλ for the Hamiltonian H
resist against the same kind of disorder? It is commonly
believed that topological phase disappears with the addi-
tion of such a symmetry breaking extra potential term V
and hence one expects that the simultaneous eigenstate
Ψ0 is only topological for H0. Fortunately, the answer
of the second question is Yes despite the common belief!
This is striking since the symmetry is broken and the
topological number is not compatible for H. We call this
phase pseudo topological insulating phase. Below we will
explain why nonzero edge state ofH is robust against dis-
order that respects the symmetry of H0.
Consider a symmetry protecting deformation of the chi-
ral symmetric Hamiltonian: H0 → H′0 = H0 + ǫ VSPT ,
where ǫ is a small constant and ǫ VSPT is symmetry pro-
tecting perturbation potential which preserves the band
gap of the original system. The corresponding eigenvalue
equation reads H′
0
Ψ′E = E
′Ψ′E . Of special importance is
the zero energy state. It is well known that the topo-
logical zero energy edge state of H0 is deformed with
VSPT , i.e., Ψ0 → Ψ′0, but its energy remains zero be-
cause of the topological robustness (H′
0
Ψ′
0
= 0). Con-
sider now the same deformation for the full Hamilto-
nian (1): H → H′ = H′
0
+ V = H0 + V + ǫ VSPT . In this
case, the deformation is no longer symmetry protected.
Since VSPT and H0 has the same symmetry, the anti-
commutative condition {V ,H′
0
} = 0 is automatically sat-
isfied. Based on the discussion above the Equ. (2), we
conclude that Ψ′
0
is simultaneous eigenstate of both H′
and H′
0
. This is interesting since the zero energy eigen-
state Ψ0 is deformed to Ψ
′
0
in the presence of disorder
and the extra potential V in (1) has nothing to do with
this deformation of zero energy eigenstate. This is good
but not sufficient to say that Ψ′
0
is a topological state
for H′, too. We need to show that the energy eigenvalue
of this state resists to the potential VSPT . The anti-
commutative condition {V ,H′
0
} = 0 implies an equation
like (1): VΨ′
0
= ν′Ψ′
0
, where ν′ is a constant. If ν = ν′,
then we prove the robustness of the energy eigenvalue
against VSPT . In fact, it is easy to see that ν = ν
′. This
is because there exists degenerate eigenstates of V with
eigenvalue ν not ν′ as we discussed above. In the pres-
ence of VSPT , a new linear combination of the degenerate
eigenstates φn leads to Ψ
′
0
. As a result, the energy eigen-
value νλ remains the same even in the presence of VSPT .
Note that this topological nonzero energy edge state is
not protected by the symmetry of H′ but that of H0.
So this state is pseudo topological edge state. Note that
bulk states change considerably with V .
So far we have considered the case where there is only
one zero energy eigenstate of H0. Suppose now that
there are two degenerate zero energy edge states of H0,
which occurs if N is an even number. Let Ψ0,A and
Ψ0,B be two degenerate zero energy eigenstates of H0.
These two eigenstates are satisfied by VΨ0,A = νΨ0,B
and VΨ0,B = νΨ0,A. So, these can’t be eigenstates of
the total Hamiltonian H. Consider the symmetric and
antisymmetric linear combinations Ψ0,∓ =
Ψ0,A ∓Ψ0,B√
2
,
which are also eigenstates of H0 with zero energy eigen-
value. Fortunately, Ψ0∓ satisfies the following equation
V Ψ0,∓ = ∓ν Ψ0,∓ (3)
3This implies that Ψ0,∓ are eigenstates of the total Hamil-
tonian: HΨ0,∓ = ∓νλΨ0,∓, which shows us that the de-
generacy is lifted by V . Note that in the previous case
where there is no degeneracy of the zero energy state,
the zero energy eigenstate of H0 and H are the same.
But this is not the case when N is even. Let us now
discuss what happens if VSPT is introduced into the
system. The eigenstates Ψ0∓ change their forms into
Ψ′
0∓ but their energy eigenvalues remain the same in the
presence of VSPT . The new states satisfy the equation
VΨ′
0∓ = ∓νΨ′0∓ since these states are eigenstates of H′0
with zero energy eigenvalues and the extra potential V
anticommutes with VSPT . Therefore, we say that the
nonzero energy eigenvalues remain the same in the pres-
ence of the disorder.
Let us now illustrate our idea. We claim that our method
works for both Hermitian and non-Hermitian systems
since λ in Equ. (1) can be a complex number. Consider
the well known 1D Su-Schrieffer-Heeger (SSH) Hamilto-
nian H0 [24] with V = σz and λ = m + iγ. Therefore
H = H0 + (m+ iγ)σz, where m is the mass term and γ
describes gain and loss in the system when γ > 0 and
γ < 0, respectively. Both m and γ are real valued con-
stants. As a special case m = γ = 0, it is well known
that finite SSH lattice with open edges can have robust
edge states. In a periodical lattice, the total Hamiltonian
is given by
H = (ν + ω cos(k))σx + ω sin(k)σy + (m+ iγ)σz (4)
where ~σ are Pauli matrices, the crystal momentum k runs
over the first Brillouin zone, −π < k < π and the real-
valued positive parameters ν > 0, ω > 0 are hopping am-
plitudes. It is easy to see that {V ,H0} = 0. The SSH
Hamiltonian has Chiral symmetry but H has no such
symmetry. If m = γ = 0, the winding number is equal
to 1 for ν > ω and 0 for ν < ω. Therefore, the system
is topologically nontrivial for the former case and trivial
for the latter. A finite SSH chain with open edges has
topological zero energy edge states protected by chiral
symmetry when ν > ω. If m 6= 0 and γ 6= 0, the winding
number is no longer quantized to be an integer and the
system is topologically trivial. This can also be seen from
the corresponding energy eigenvalues for (4). They are
given by E∓ = ∓
√
ν2 + ω2 + 2 ν ω cos(k) + (m+ iγ)2,
which is symmetrically located around the zero energy.
We first study the Hermitian lattice γ = 0 and then
we make a straightforward generalization to the non-
Hermitian lattice. In the Hermitian case, the band gap
never closes and reopens as ω and ν are tuned for fixed
m, which is a signature of topologically trivial phase. Al-
though the Hamiltonian (4) has no topological phase, it
has pseudo topological phase. To check our prediction,
we perform numerical calculations for finite lattices with
open edges. The parameters we use are ν = 1.5, ω = 0.5
and m = 1. We consider N = 20 and N = 21 separately,
where N is the total number of lattice site. We numeri-
cally see that the edge state is not deformed by the extra
mass term m if N = 21, while bulk states change consid-
erably with the mass term. The new energy of the edge
state is equal tom = 1. If N = 20, we see that the degen-
eracy of the edge states is lifted by the extra mass term
and the symmetry between the left and right edge states
are broken (they have now different forms and different
energy eigenvalues). The eigenvalues of the right and left
edge states are exactly equal to ∓m = ∓1. These are in
total agreement with our predictions. Let us now add
disorder and check robustness of these pseudo topolog-
ical edge states. It is well known that topological edge
states in the SSH chain are robust against coupling con-
stant disorder. In standard topological insulator theory,
this robustness should be lost if the extra mass term is
introduced into the Hamiltonian. In this paper, we pre-
dict that they should still be robust because of the ex-
istence pseudo topological phase. In our numerical com-
putation, we introduce randomized hopping amplitudes
in the lattice. In this way, the coupling constants be-
tween neighboring sites become completely independent.
The new hopping amplitudes become ω → ω + δωn and
ν → ν + δνn, where δνn and δωn are real-valued random
set of constants in the interval [−0.5, 0.5]. We study topo-
logical robustness against the disorder for many different
random numbers. We find that the energy eigenvalues
for the pseudo topological edge states remain to be the
same while they change remarkably with the disorder for
the bulk states.
To see topological phases for various values of tunneling
parameter, we parametrize the tunneling parameters as
ω = 1 + 0.5 cos(Φ) and ν = 1− 0.5 cos(Φ), where modu-
lation phase Φ is another degree of freedom. The Fig.1
plots the spectrum as the parameter Φ is varied. As can
be seen, two states with energy ∓1 appear in the system
(a) unless π/2 < Φ < 3π/2 when N = 20 and a single
states with energy +1 appears in the whole region (c)
when N = 21. These are pseudo topological states lo-
calized around the edges and decay exponentially away
from the edges. We add random tunneling disorder into
the system, where the random numbers are assigned to
each tunneling in the interval [−0.5, 0.5]. The Fig.1 (b)
and (d) plot energy spectra in the presence of the disor-
der when N = 20 and N = 21, respectively. As can be
seen, the energy eigenvalues of all bulk states change but
the energy eigenvalues of pseudo topological states resist
to the disorder. Actually, they resist to the disorder until
they merge into the band.
Let us now discuss the non-Hermitian extension. The
generalization is straightforward. Suppose γ = 1. The
energy eigenvalues of the pseudo topological edge states
become ∓(1+ i) when N = 20, (1+ i) when N = 21. We
check that both the real and imaginary parts of them
resist the tunneling disorder. We see that the pseudo
topological edge eigenstates exist in the non-Hermitian
system, too.
Another question arises. Can we find other systems that
has pseudo topological phase? We now find another con-
dition for the existence pseudo topological phase. Con-
sider the Hamiltonian H0 already defined in the Equ.
4FIG. 1: Band structure for the finite chain described by the
Hamiltonian (4) when N = 20 (a) and N = 21 (c). The pa-
rameters arem = 1, ν = 1+0.5 cos(Φ) and ω = 1−0.5 cos(Φ).
Random tunneling disorder is introduced into the system and
the Fig. (b) and (d) plot energy spectra in the presence of
the disorder when N = 20 and N = 21, respectively. In the
presence of the disorder, energy eigenvalues of the bulk states
change. However energy eigenvalues of the pseudo topological
edge states remain the same.
(1) and the chiral operator C = V. We construct a new
Hamiltonian H satisfying
H = H0 + λ U , {C,H0} = 0 , [U , C] = 0 (5)
where the chiral operator C plays a key role here although
it is not explicitly included in the total Hamiltonian. We
have discussed above that zero energy topological edge
states Ψ0 and Ψ0∓ satisfy the equations (2,3), respec-
tively. Since the two operators C = V and U commute,
these two operators have simultaneous eigenfunctions,
too. As a result, the eigenstates Ψ0 and Ψ0∓ satisfy lin-
ear eigenvalue equations for U , too. Therefore, Ψ0 and
Ψ0∓ are simultaneous eigenfunctions of both H0 and H.
This means that robust pseudo topological edge states
exist for the Hamiltonian H.
As an example, consider again chiral symmetric SSH
lattice H0 with N = 21. Suppose there exists
an extra potential whose matrix form is given by
(U)mn = Um
1 + (−1)m
2
δm,n, where Um are random
numbers. In this way, the potential becomes disordered
potential and the total Hamiltonian H is not transla-
tionally invariant. According to the standard table of
topological insulators, no topological phase occurs. For-
tunately, the potential satisfies the conditions (5) and
UΨ0 = 0, where Ψ0 is the zero energy eigenstate of the
standard SSH lattice with N = 21. In other words,
the zero energy topological edge state of H0 is not per-
turbed by this disordered potential although all bulk
states changes considerably with it. It is well known that
the zero energy topological state of H0 is robust against
chiral symmetry protected deformations. We now study
the robustness of the total Hamiltonian H against such
kind of deformations. We add random disorder in the
hopping amplitudes of the SSH chain and numerically
see that zero energy eigenstate of H0 is robust against
such disorder. This shows that pseudo topological edge
states appear in the system.
Another question arise. Can our approach be generalized
to systems that has non-topological zero energy states.
One such example is the well-known graphene, which is
a two dimensional honeycomb lattice of carbon atoms.
Dirac cones appear in its band structure and hence con-
ducting electrons in graphene move as if they are mass-
less relativistic fermionic particles. Graphene is not a
topological insulator since it is a two dimensional gapless
system and its Chern number is zero. However, it has
protected edge states in the sense that each of the Dirac
cones has a Berry phase of π and −π, respectively. But
these edge states are not strictly topological since the to-
tal Berry phase vanishes. The edge states in graphene are
robust against weak symmetry protected perturbations.
Edge states were theoretically predicted and experimen-
tally realized along zigzag edges in graphene [25–29]. We
can construct two new Hamiltonians according to (1,5)
where H0 is the Hamiltonian of the graphene. Therefore,
we can say that zero energy eigenstate along the zig-zig
edge still survives. In our case, these are pseudo edge
states with zero energy.
So far, we have discussed pseudo topological phase. One
van view the problem in another way. Consider the
Hamiltonian H0. One can study robustness of the topo-
logical zero energy edge states of H0 against symmetry
breaking potentials V and U . Normally, we expect that
they are robust against symmetry protecting potential.
Here, robustness against such symmetry breaking poten-
tial V and U occurs.
To sum up, we have proposed a new idea so called
pseudo topological insulating phase, which arises even
if the system has no topological phase. We have given
two conditions to observe pseudo topological insulating
phase and illustrated our idea on the SSH chain with
extra chiral symmetry breaking potentials. We stress
that pseudo topological phase transition occurs without
band gap closing. Intuitively, we say that one can study
other time-reversal and particle-hole symmetric systems
to see pseudo topological insulating phase. Such phase
may exist in crystalline topological insulators, higher or-
der topological insulators and topological superconduc-
tors, too. Therefore, pseudo topological phase are worth
studying. Our approach can find some practical applica-
tions in photonics and other branches of physics where
topological insulating phase can be applied. We have also
predicted pseudo topological edge states in time depen-
dent systems.
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